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Recall: Linear Classifiers

e Given: a training set {(x)y)), ..., (xV), yM)} of N samples
x® e R% input, y®e{-1, 1}:target (label)

® Suppose the data is linearly separable: there exists a

linear surface to separate the two classes
A

g go)=w x twx,+w,=0
gx)>0

gx)<0 )

c c, 2-D: line;

s X 5 3-D: plane;
: % X O s

o d-D: hyperplane (wx+w;=0)
w X
\ |

Find wx+w,=0 that pertectly separates the two classes
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The Problem

e There can be multiple hyperplanes to separate the data.

L [ ]
e e C [ ] ® D

2 O

% — Which is the best?
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The Idea:

* Find a decision boundary that maximizes the margin
between two classes.
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e /7;’/%/ skinny margin is more
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Margm and generallzatlon: //7/' *» flexible, thus more complex

. . . . & // g " n
Statistical learning theories have shown that the ¢
boundary with the largest margin generalizes
best (i.e., has the smallest generalization error). s 7
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fat margin is less complex

Machine Learning: Lecture 7 4



Today

Support Vector Machine

 Problem Formulation

* Loss and Optimization
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Problem Formulation

e A linear discriminant function models a linear decision
boundary of two classes.

wix+w,=0
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Problem Formulation

e A linear discriminant function models a linear decision
boundary of two classes.

wix+w,=0

T _ B
wlix+w,=+0 =+1
wix+w,=-0 =-1\ \ 0

1/ wix +1/0 wy=0
defines the same
hyperplane as
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Maximizing the Margin

1 for the closest points on one side
—1 for the closest points on the other

wlxtw, = {

e Let xMand x® be two closest points on each side of the hyperplane.
* Note that

wT x(D+w,=+1
wl x2+w,=-1

O

\ 9/\(\/_\;/\
Y What is the
=) =2 G\ Qe et
Hence, the margin can be given by >Z \

WiD—x@) _ 2
Il Wl

which imply N

-

margin =

Maximizing the margin is equivalent to minimizing 5 |w||
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Inequality Constraints

* Given: D = {(xV, y(M) .. ™, ™)} we want w and w, to
satisfy

>+1 if y=+1
<-1 if y=-1

WTx®-H, { -

* Or, equivalently,

PO (WIxO4y) > 1 )Z
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SVM = Solving an Optimization Problem

In summary, SVM aims to solve a constrained optimization
problem:
. . . 1 2
minimize §||w||
subject to  yO(wixO+w)>1, £=1,..., N

* This 1s a quadratic programming (OP) problem, which 1s one
type of convex optimization problem.

* The complexity depends on the dimensionality d of inputs
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Model Architecture

* The same as Perceptron.

______________________________________________________________________

R 18 E AR

XO 1\
— g(x) ' loss y

¢ Train:

e optimize the parameters w and w, using data
¢ Test:
* for a new input X, calculate g(x) = wix+w, and choose C; if g(x)
> 1 otherwise C,.
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.1
min |[wl?
s.t. yOWxO+w)>1, €=1,..., N

Loss Function

® For a given input x, the model outputs a score g(x) =w'x+w,. Let y
€{-1, +1} be the label of the real class (y =+1: x€ C;, y =-1: x€ C,):

— if y(wlx+w) <1: we aim to maximize y(w'x+w,) until reaching 1, cost is
I=y(w'x+wy)
— if y(wlx+wy) >1: outlier points, no need to optimize, cost is 0

® Can writhe this succinctly as a Hinge loss:

£ (w, wy| x,¥) = max(0, 1-y(w'x+w))

e Given: D= {(x(D, D), ... (x™ rM)} the loss over the dataset is
defined as:

L (w, wp| D) = S, max(0, 1-pO0wTxO-44)) -+
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Optimization — Gradient Descend

oL
Whew ™ Wold - T]a_w

LIwlp i y OO wp)z1
L (W, Wo | D) — <

kﬁ 21;:1 1=y TxO+w,) +% [w|]*> otherwise

OL AW if YO TxO+w,)>1
(7 = ¢ —— J
For each w; (j =0,...,d ): oW, { Jw; — Y Ox @O o,
OL 0 if yOWTxO+wy)>1
owo (=" 0.W.
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The Algorithm

Gradient Descend for SVM

Input: D = {(x®, y)} (£=1:N)
forj=0,...d
w; < rand (-0.01, 0.01)
repeat
for ¢=1,....N
a0
forj=0,...,d
a <« a+wx®
forj=0,....d
Aw; < Aw;
Awy«— 0
if y©a<l:
forj=0,...,d
Aw; —Aw; - yOx,
Awy —Awy -y D
for;=0,....d
wj<— wj - ndw;
until convergence
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Programming Time <::>

Tutorial: SVM from scratch with explanation (Python)

https://towardsdatascience.com/implementing-svm-from-scratch-784e4ad0Obc6a

https://www.kaggle.com/code/misbahbilgili/svm-from-scratch-with-
explanation/notebook
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https://www.kaggle.com/code/misbahbilgili/svm-from-scratch-with-explanation/notebook
https://www.kaggle.com/code/misbahbilgili/svm-from-scratch-with-explanation/notebook
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