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[E1[R: AR

IRIBEHRAIALERE (Impurity ) {ERRRER

X2<O .07
Impurity=1.0

+ +++ ++ +++ < True False

. X1<1.53

++ 4 iy [ Classa |
+ + True

\ False

| Class:0 |

x;<0.43
Impurity=0.2

False

~—.
— — True
X1

[ Class:0 | [ Class:1 |
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[EljR: AR 3

p(x|CHP(C))

AR

RIEIERI BRI E (P RS

P(Cilx)= , i=1,2

px)

0.3 p(x1C;)P(C;)

0.2

0.1

0

+
++
~
- — boundary
X1
ARSRHAM: Classify x into C; if p(Cilx) > p(Ci1x) else C;.
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Decision Boundaries Are All You Need

Do we really need to know the structure (impurity/density
/distance/...) of data ?

PC3
PC3
PC3

@)
" — Why not esfimate the dem =
= directly? . -
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Classification as Discriminants

e consider a classifier with ¢ classes
e define ¢ discriminant functions g;(x)

* decision rule: assign x to G if g(x) > gi(x), Vi#/

action

(e.g., classification)

discriminant
functions

input

Machine Learning: Lecture 6



ZIEFI R RSN

o KE— 1 ZIEREIISEWERISEAIITE.

“draw a line through it”

X2
21(x) o 22(x)
x x\ © r :
3 O O gi(x | wi,wjg) =w,; x4+ wjp = Z WiiXj + Wijo
x, *\ © —
XX X\ O Decide Cy if g,(x) > g, (x) else C
> x; 111 81 82 2
— \

Advantages:

* simplicity: O(d) time and space complexity;
e understandability: final output is a weighted sum of attributes;
® accuracy: quite accurate if some assumptions are satisfied.
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Two Classes

e A linear discriminant function models a linear decision
boundary of two classes.

X, gx)=20 g(x) = g1(x) — g2(x)
A — (WlTX —+ W17(3) — (W2TX —+ W20)
= (w1 —w2) ' x+ (w10 — wap)
C] — wa —+ W
= 0
O e Decision rule:
Choose b i g(x).> !
(> otherwise
_ =

Machine Learning: Lecture 6 9



Perceptron (& %=2#L)

® The first, naive linear classifier. (to introduce in future lectures)

o JIIZRB TR ATEIEREBISEUERED) w F wo

o FUMFTAEAR: I FFEWEER, 1TH g(x) = wix+w, &R (x)AVIESR
BHIESRT : gx) > 0XFEKC K, BUETF G, =

perceptron classifies data based on which side of the plane the new point
lies on.
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A
gx)>07 /\ Whete an T2 | E007wpx Fr =0
, o= - (x)<0 gx)>0
1 (yes) — &
CZ
output X
> O
o) S
input | g(x) -
o xl
O
O

‘ I know it belongs to C; but to what extent?
(O-1 decision is oo hard to optimize)
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Linear Classification with Uncertainty

e What is the posterior probability of choosing C1 (or C2)?

Let ' model output

P(C|x)=y" P(Cy|x)=1-y

Classification rule:

Choose { G ify>0.5 Q&

What is the
relationship
between y and x?

C> otherwise

What is the

Equivalent Rule: relationship
\ between log(y/1-y)
y ' and x?
= — =1 or log A > 0 %
1—y 1—y
\- | Log odds (logit

odds of y

function) of y

Machine Learning: Lecture 6 12



The Sigmoid Function

-y

log - 2= Ty + w,

= y

1
1+ exp[—(wTx+ wp)]

— sigmoid(w ' x + wp) =

e sigmoidX#y, FRAZBIERZE(logistic function) , ElogitlIx R

&L ETR:

0

EMANSIEE IR EER TS 1EAERA(C )

Wheee!

Sigmoid % & , Al F 44t K
ok A 2 4h R AL

>
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1Z4E[O]J34R28Y (Logistic Regression)

» —Fh{EASigmoid BB R RRINFAYT =5

o JIIZRBTR: AITEERERIZSEUZRE) w H w,
o TUFTEA: XS TFHEBURIFEAX, 1TH y = sigmoid (Wx+w, ) : y >
0.5(CRCK , BNET G, 3%,
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;ﬁ*@%& y = p(C;]x) = sigmoid(w'x+wy) is the
~ estimated probability of x € C,.

o WHFESHA Y, REFTNXETHELIKAIU=Ry, $r€{0, 1} AxAIESE
RKANTE (r=1:x€C, r=0:x€ C,):
— d= X r=1: £M14 Zlog p(C,1x) =log yAT R K, %A MK A-logy
— dm R r=0: &M1& Zlog p(C,1x) =log (1-y) & 7T it X, E%A MK A-1log (1-y)

o GHLILERANFE | BEI—IEIURIA X EIRRRREL:

t (w,wy|x,r)=—rlogy—(1-r)log(l-y)
H_/ N\ v )

nonzero only if r=1 nonzero only if r=0
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tRBgIE

IS -1?5

BRI 2EE
Ny

= D= {(xW, 1), ., (N, AN)}

EAN

b R/ MAAE BRI R EN:

e

L Eﬂﬂﬁﬁ: (%) 44
min,, L(w) A
° E: L
_ oL Rk s
Wil — W — H; ow
S f::[N‘)
) AL () g

‘ L OL
% do 4T 1+ 4 el
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ICEi% - BE T b

£ (w, wo|x,7)=-rlogy-(l-r) log (1-y)
L(w, wy| D) = - ngy: 170 log Y19 + (1-r9) log (1-9)

oL Hint: if y=sigmoid(a) = 1/[1+exp(-a)],
= [N Vol . . 5 o d_y _ _
4o 4T ﬁ-—aw ? its derivative is —= = y(1-y)

For each wi(j=1,....d):

oL oL a9y aaD\ r@ 170 ay(f)aa(f)
a_Wj_ _Z ay(g) aa(f) aWj 2()/(5) 1 — y(f) aa(f) aW]

Chain rule
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iCEi% - BE L (2)

For each wi(j=1,....d):

oL _z r&) 1 _7® ay(f)aa(é’)

: 9a® )
Since a = wx®) + w,, we have —— = x;
aWj J

So,

S O,

t

Machine Learning: Lecture 6
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Zie0REESAE

Gradient Descend for LR

Input: D = {(x®, 1D)} (I=1:N)
for;j=0,....d
w; < rand (-0.01, 0.01)
repeat
forj=0,....d
for/=1,....N
a<—0
for;=0,...,d
a<— a+wyx®
y «— sigmoid (a)
Aw; «—Aw; +(rD-y)x;
for;=0,....d
until convergence

Machine Learning: Lecture 6
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IS4 R

® do B AR 2N L F[ g 4o AT £

Binary Multiclass
Classification Classification
@
¢ Spam * Dog
* Not spam * Cat
* Horse
* Fish
Bfre— 1M _E% BireK N ERNERES
4 {0, 1}. a, ..., K}.

Machine Learning: Lecture 6
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£ 93 KRR TRIIEE

e ntigxBTE I £@i=1, . KR $ 5?

yi=P(Ci | x) =

Machine Learning: Lecture 6
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SoftmaxiRZ]

e softmax FREEN T :

A
e
y; = softmax (ay, ..., ag); = ZK i

HAA a, =

e Softmax I&—

=W, x+w,, ¥R Alogits. W, F1 w,, = ol %S5

HHlogits (D) IR AR,

Logits Probabilities

187 0.02

5.1 e 0.90

2.2 | — ) | 0.05
T e

0.7 s 0.01

0 0.02]

Machine Learning: Lecture 6
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Softmax[o])3
« —fp{EsoftmaxREZIE 52 RRFRIBDFEI D RS

y; = softmax (wiTx +wy)  i=1,.K

i\ 1 (B H AR fE
x0=1{ Vi 7

. — | y;=softmax(w;"x+w;)) « loss (3, r)

o JIIZRBR: TMEEIEREBISEUFZRED w F wy (=1:K)

o TMFRTEA: XS FHFEWEIERX, TTE y; = softmax (w;Tx+w,) : W1y,
= max {y, /I REIRE T HiZR(eC).

Machine Learning: Lecture 6 23



JRK ]

. SUEF*Az"EEI’.‘JEA)\x =8

IR

*uu*TE(ri—l.x €C,r=0:x¢C)

— ifl"1=

SRSy = (), -
, BAIH— M RAEE r=(ry, ...,

oREE

FHIELSC

1: we aim to maximize log p(C; |x) =log y;, cost is — log v,

— if 7, =1: we aim to maximize log p(C,|x) =1og y,, cost is — log y,

o BEM—IRIZIURISE IR REL

HeplogURZFTTEIIE

Log (v, 1) == X5 rylogy, = - r'(log y)

Machine Learning: Lecture 6
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tRBgIE

o BIAZUREEE: D= {(x, rV), ... (x™N AN
o (FHEEE TEEAR/IMUIRFKEREL:

o 5 7[‘/]_? () B
min,, L(w) A
* A &
oL o

W = W — 1 A
e
=) TR

<
~

Y

AREE (w,)
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RAGE FIEFEE

Lw|x,r)= —ZZKZ | ri log y;

Lw D)=- 3} 3K AD10g {0

oL Hint: if y; = exp(a;)/Z; exp(a;), its derivative
What is ==? W s here 6. = J 0 ifi#j,
w a Yi( ij Yj)w CIC 9% =1 ifi = j.

For each w;, and wy, (=1,...,K), given X0 = I:
(&) 5 (£
s [Z 05,0 rl@] {0 =360 - {03200
T LT i z

Machine Learning: Lecture 6
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Softmaxm]|3& X245

| Gradient Descend for Softmax Regression

Input: D = {(xO, D)} (I =1:N)
fori=1,...,K,forj=0,....d,
wj; < rand (-0.01, 0.01) // initialization
repeat
fori= 1,...,K, fOI'j = O,..., d, AWU —0
for/=1,....N
fori=1,... .K
a;<— 0
forj=0,...,d
a; < a; ¥ wix
fori=1,....K
L — exp(a ) Ziexp(a;)
for i=1,...K
for j = O L d
Aw; <—Aw (1 O-yx
fori=1,...K
forj=0,...,d
wy —wit ndwy
until convergence

Machine Learning: Lecture 6
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Tutorial: Logistic regression from scratch with Python

https://www .kaggle.com/code/ujjalkumarmaity/logistic-regression-from-scratch

IT’S TIME

FOR
coding

Machine Learning: Lecture 6
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Limitations of Linear Classifiers

Requires data to be linearly separable

X X
2, 2,
+ +
+ +/ -
/ - X X
- +
+
Linearly Separable Not Linearly Separable X1 A

Even if the data is linearly
separable, there can be
many separations.
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What's Next? WHAT'S
NEXT?

Support Vector Machine

Find a decision boundary that maximizes the margin between

two classes.
QA Maximum

Margin Positive
¢ Hyperplane

’/
Maximum e / ¢ o

Margin e
Hyperplane

/ \\\ Support

Negative Hyperplane Vectors

)
O
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